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Abstract 

The existence of a fundamental length (or fundamental time) has 
been conjecture in many contexts. Here one discusses some conse- 
quences of a fundamental constant of this type, which emerges as a 

^D ■ consequence of deformation-stability considerations leading to a non- 

commutative space-time structure. This mathematically well defined 

t^J- ' structure is sufficiently constrained to allow for unambiguous exper- 

imental predictions. In particular one discusses the phase-space vol- 
ume modifications and their relevance for the calculation of the GZK 
sphere. Corrections to the spectrum of the Coulomb problemb are 
also computed. 



PACS: 13.60.-r; 03.65.Bz; 98.70.Sa 



a 1 Introduction 



Motivated by string theory and quantum gravity, many studies have been per- 
formed exploring the non-commutative effects that are expected to appear 
at the Planck scale. Associated to this is also the role played by a fundamen- 
tal length (or fundamental time) as a new constant of Nature. However, in 
my opinion, the most satisfactory and model-independent way to approach 
this problem is through deformation theory and considerations of structural 
stability of the physical theories. 
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Indeed, the transition from non-relativistic to relativistic and from clas- 
sical to quantum mechanics, may be interpreted as the replacement of two 
unstable theories by two stable ones. That is, by theories that do not change 
in a qualitative manner under a small change of parameters. The deforma- 
tion parameters are - (the inverse of the speed of light) and h (the Planck 
constant). Stability arises from the fact that the algebraic structures are all 
equivalent for non-zero values of - and h. The zero value is an isolated point 
corresponding to the deformation-unstable classical theories. 

A similar stability analysis of relativistic quantum mechanics pQ j2] leads 
to a non-commutative space-time algebra 9^ )00 (on the tangent space) 
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and to two new parameters (£, e), £ being a fundamental length (or fundamen- 
tal time) and e a sign (e = — 1 or e = +1). In Eqs.((H) r]^ = (1, —1, — 1, —1), 
c = h = 1 and 3 is the operator that replaces the trivial center of the 
Heisenberg algebra. 

The non-commutative space-time geometry arising from this algebra has 
been studied [3], as well as the modification of the uncertainty relations jlj. 

Here I will concentrate in some consequences of this non- commutative 
structure which might lead to simpler experimental tests. In particular phase- 
space suppression or enhancing effects will be discussed and their relevance to 
the calculation of the GZK sphere as well as the corrections to the spectrum 
of the Coulomb problem. 

Notice that the modifications introduced on the calculation of the GZK 
sphere do not arise from violation of Lorentz invariance, which is well pre- 
served, but from a change on the cross sections due to a phase-space volume 
suppression at high energies. The phase-space suppression only occurs if 
e = +l. If e = — 1 there would be a phase-space enhancing. The e = — 1 and 
e = +1 cases are also quite different as far as the spectrum of the space-time 



coordinates is concerned. In the first case it is a space coordinate that has 
discrete spectrum, whereas the time spectrum is continuous. In the second, 
it is time that is discrete, space always having continuous spectrum. 

2 Phase-space effects arising from non-commutativity 

Here we see that depending on the sign of e, the available phase space volume 
at high momentum contracts or expands. First, this will be shown in the 
framework of a full representation of the algebra and then, to obtain a simple 
analytical estimate of the effect, a simpler representation of a subalgebra will 
be used. 
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be a representation of the 9^ )00 algebra (JTJ by differential operators in a 5- 
dimensional commutative manifold M5 = {£ a } with metric r] aa = (1, —1, —1, —1, e) 

Case e = -1 

Changing to polar coordinates in the (£\£ 4 ) plane (£ x = rcos#,£ 4 = 
r sin 9) 

P 1 = -*(cos0&-^S) () 

X — UK, m 

Eigenstates of the x 1 coordinate, with eigenvalue a, are 

i 



I a) = C a (r)expl —ad 1 (4) 

9 G S l and C a (r) an arbitrary L 2 — function of r. S ingle- valuedness requires 
a G £L. That is, each space coordinate has a discrete spectrum. 
The eigenstates of p 1 (with eigenvalue k) are 

\k) = exp (ikr cos 9) (5) 



They have a wave function representation in the position basis 

(a\k) = f" dr ^ d9C* a (r)e l ^ e+krcose ) (6) 
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To obtain the density of states one imposes periodic boundary conditions 
in a box of size L, leading to 

J (kr) = (i)T J L (kr) (7) 

For large k, using the asymptotic expansion for Bessel functions, Eq.((7j) leads 
to 

— < cos (kr - j) - («)* cos ( kr ~ y, 71 ~ 7 ) + ° (\ kr \ l ) \ = ° ( 8 ) 

Asymptotically, this is satisfied both for j = 2n, n E 7h and odd or h — 4n, 
ngZ. Therefore, for very large k, no restrictions are put on the k values. 
It means that the phase volume required for any new k state shrinks as k 
becomes large. The density of states diverges for large k. 

Case e = +i 

With hyperbolic coordinates (£ x = rsinh/i, £ 4 = rcosh/i) in the (£\£ 4 ) 
plane, 

Of*"* -=?"*) (9) 
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The eigenstates of the x 1 coordinate, with eigenvalue a, are 
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\a) =C Q (r)expl--afij (10) 

Because jjl G R, in this case the space coordinates have continuous spectrum. 
It is the time coordinate that has discrete spectrum. 
The eigenstates of p 1 are 

\k) = exp (ikrsinh.fi) (11) 



with a wave function representation in the position basis 

(a\k) = f" dr f" d/jC* Q (r)e i ^' 1+krs ' mh ^ (12) 
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= 2 r drC* a (r) Ky- (kr) (cosh (||) - sinh (^)) 

To obtain the density of states one imposes periodic boundary conditions 
in a box of size L, leading to 

K (kr) = K %h (kr) (cosh (^j - sinh H£j ) (13) 

Using the (large z) asymptotic expansion 

KAz) ^ r ( l + ^± + ^)) (14) 

leads for large k to 

1 - cosh f^pj + sinh f^pj + O ((kr)- 1 ) = (15) 

This cannot be satisfied in k — > oo limit. It means that the density of states 
vanishes for large k. 

For arbitrary values of k the exact density of states may be obtained 
from Eqs.((7J) or (|13|) . However, to obtain a simpler, approximate, form for 
the density of states it is convenient to use the representation of a subalgebra. 
Namely, for the subalgebra {x J ,p 4 , 3} (i fixed = 1, 2 or 3) one may use 

x % = x 

V 1 = \ sm (f ±) (16) 

3 = cos (If) 

\i ax I 

for the e = — 1 case and 

P 1 = 7 sinh (f£) (17) 

3 = cosh (4/) 

V i ax I 

for the e = +1 case. 



The states 

\p) = exp (ikx) (18) 

are eigenstates of p % corresponding to the eigenvalues 

p(k) = ±sin(H) fore = -l . . 

p(k) = |sinh(H) for e = +1 ^ ' 

Periodic boundary conditions for \p) on a box of size L implies 

2ir 
k = —n neZ (20) 

Lj 

From dp = -r-dn one obtains for the density of states 



dn = f -M for e = -1 
dn = f * fore = +l 



(21) 



The density of states vanishes when p — > oo in the e = +1 case and for 
e = — 1 it diverges at p — j (which is the upper bound of the momentum 
in this case). This result is consistent with what has been obtained from 
the asymptotic form of Eqs.(J7J) and (fH?j) . However, the density of states in 
Eqs. (l2Tj) is not exact because it is derived from a subalgebra representation, 
which cannot be lifted in this simple form to a full representation of the 
algebra . 

The modification of the phase-space volume implies corresponding modi- 
fications of the cross sections. As an example, to be used in the calculations 
of the next section, consider the reaction 

7 + p^vr + iV (22) 

at high incident proton energy. 

Here and in Section 3, simple letters are used to denote quantities in the 
laboratory frame, primed letters for the rest frame of the incident proton and 
starred letters for the center of mass. Using (|2*Tj). the modified part of the 
phase-space integration in the cross section is 

r f — kldK — p%d PN dn 4 + k ) 

(23) 



At high energies, with quantities in the rest frame of the incident proton, one 

obtains 

r'-r k' (u' - k') dk' 
I(£)~ J V ] ' (24) 



Vl + ePk'^l + e&^-k'f 



Changing variables and dividing by / (0) one obtains the following suppres- 
sion (e — +1) or enhancing; (e = —1) function 
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with a = uj'^d 2 . Fig.l is a plot of this function in the e = +1 (suppression) 
case. 




Figure 1: The phase-space suppression function (e = +1 case) 



3 The GZK sphere 

In the sixties, Greisen jS], Zatsepin and Kuz'min jH] have shown that the 
cosmic microwave background radiation should make the Universe opaque 
to protons of energies > 10 20 eV. At these energies the thermal photons are 
sufficiently blue-shifted in the proton rest frame to excite baryon resonances 
and drain the proton's energy via pion production. This led to the notion of 
GZK-sphere as being the sphere within which a source has to lie to supply us 
with protons at 10 20 eV. Later, more accurate calculations, using state-of-the- 
art particle physics data, placed the energy limit of cosmic (not arising from 
local sources) protons at around 5.10 19 eV. That is, if the proton sources 
are at cosmological distances (> 100 Mpc), the observed spectrum should 
display a (GZK) cutoff around this energy. A similar limit applies to the 
nuclei component of the cosmic ray flux. 

This situation was upset by the detection of a number of events above 
10 20 eV without any plausible local sources |Zj jH] |2j- Discrepancies between 
the fluxes measured by different groups jTU] \H\ and analysis of the com- 
bined data [123 d° n °t Y e ^ allow for a clear-cut statement as to whether 
the GZK cutoff is indeed violated, a question that will hopefully be clari- 
fied by the forthcoming Auger observatory. Meanwhile a number of possible 
explanations for the violation of the GZK cutoff has appeared on the lit- 
erature (for a review see ^3]). Here I analyze the effect of the space-time 
non-commutativity on the calculation of the GZK cutoff and, when (and if) 
such cutoff is confirmed, what inferences can be taken concerning the value 
of £ and the sign e. 

Simple letters are used to denote quantities in the lab (earth) frame, 
primed letters for the rest frame of the proton and starred letters for the 
center of mass. The fractional energy loss due to interactions with the cosmic 
background radiation (at zero redshift) is given by the integral of the nucleon 
energy loss per collision multiplied by the probability per unit time for a 
nucleon-photon collision in an isotropic gas of photons at temperature T = 
2.7° K. Therefore the lifetime of a cosmic ray of energy E is (14 , (h = c = 1) 

„ (E) = 2 rv h /; j^ /;- *jj Bi (j) Kl („')}" 

k j jth' jth ) 

(26) 
where uj is the photon energy in the nucleon rest frame and the inelasticity 
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Kj is the average energy lost by the photon for the channel j with threshold 
u jth- a j { u ) * s the total cross section of the j-th interaction channel and T 

the Lorentz factor of the nucleon ( T = —). 

In (I2f)j) one may change the order of integration 



/>oo 


p2Tuj 


/*oo 


/■oo 


/ duo 


/ dw'- 


► / du/ 


/ dcu 


<J 2r ' 






IJ/2Y 



and compute one of the integrals.. To obtain the cosmic ray lifetime r^ (£7) in 
the non-commutative case, one multiplies the cross section by the suppression 
factor g (u/, e) (Eq.(j2SJ). Finally, changing variables 

J _> y = e -7(2rfcT) 
one obtains the following ratio for each channel contribution 

/I' f In (1 - 2/) In ya ((3 In y) K (/? In y) 

r = T d E ) _ e~^ 

9 T o(E) " j\ h f\n(l-y)lnya(p\ny)K(p\ny)g(pH 2 \n 2 y,e) 

(27) 
with p = -2TkT. 

This ratio was estimated for the single pion reaction (J22|) using uj' th = 145 
MeV, 

1 / 2 2 

1 / mt — mi 



K(u') 



'N 



2 \ ml + 2m p uj' 



and the following parametrization JS] for the cross section 

a (a/) = A + 5 In 2 (u/) + C In (a;') 

with A = 0.147, B = 0.0022, C = -0.017 , w' in Gev's. This is a parametriza- 
tion for the 7£> total cross section in the range 3GeV< uo' < 183GeV. Of 
course, to compute the absolute value of T£ (E) this would not be appropri- 
ate. Instead, due account should be taken of all the resonances contributions. 
However for the ratio r g it gives, at least, qualitative information on the order 
of magnitude of the effect. 

In Fig. 2 the results for r g are shown for e = +1 and l/£ in the range 200 
to 10000 Mev, that is, £ in the range 0.98 - 0.0197 Fermi or 329 - 6.58 x 10~ 26 
seconds. 
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Figure 2: Cosmic ray lifetime increasing factors for l/£ in the range 200 to 
10000 MeV (e = +1 case) 

To estimate the effect that this lifetime extending factors have on the en- 
ergy attenuation of cosmic rays on route to earth, I have used the (dD/dE)^ 
values found in JE] for a 10 22 eV nucleon and computed the integration 



D (E) = D (E ) + / r g (E) (dD/dE)^ dE 

'Eo 



(28) 



The results are shown in Fig. 3. One sees that whereas the value of the GZK 
cutoff is not much changed, the radius of the GZK sphere is increased allowing 
for nucleons from distances beyond 100 Mpc to reach earth at energies above 
5.10 19 eV. 

If the observation of the ultra high energy cosmic rays is indeed a mani- 
festation of the non- commutative structure two conclusions may be taken: 

- First, that the sign e is +1, that is, space is continuous and time discrete. 

- Second, that for the effect to be significant at current cosmic ray energies, 
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Figure 3: Energy attenuation of a 10 22 eV nucleon in route to earth: l/£ = 
200, 1000, 5000 MeV compared with the £ = case 

the time quantum must be > 10~ 25 seconds, much larger than Planck scale 
times. 

4 Corrections to the spectrum of the Coulomb 
problem 

Some experiments in atomic physics are now sensitive to small frequency 
shifts below 1 mHz. With such sensitivity, non- commutative space-time ef- 
fects might be detected at low energies, especially if small energy shifts have a 
qualitative impact. Here such a possibility is analyzed by looking at the effect 
of the non- commutative algebra on the spectrum of the Coulomb problem. 
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Consider the Hamiltonian 

1 e 2 

H= — -A-™ (29) 

2m | x | 

and use, for the non-commutative coordinates and momenta, the represen- 
tation listed in the Appendix. Both cases (e = — 1 and e = +1) will be 
considered. 



1 



From 



one obtains (setting R — 1) 
|~p| 2 = i sin 2 6» 3 



— h2 nl 

X\ = ' ' 



{L 2 cot 2 ^ 3 -^-2cot^4} 
Therefore 



(30) 



h - 2^F sin ^ - 1 { lw *> - 4 - 2cote *W (3i) 

For small £, (small #3) one obtains 



2ml £ 2 3 \£J ) [" V^I 3; " <9# 3 2 " V^s 3jd6a 

(32) 
In this approximation p ~ ^, therefore 

H~ — J 2 -- 4 ! e 2 iL 2 f-- — V — -2/"--- ^ — 
2m \ 3 J \ \p 2 3 / dp 2 \p 3 J dp 

which may be rewritten 

dp 



H^±p 2 -^ + f\ -± P * - ^ ^ *»< } (33) 



2m fv72\ 2 6m 



( V 2) 3 |^ bm 3(V 2 )3 

with V 2 = ^ - ft - 2 # 

P p^ ap z p op 

Using the Fourier transform / (x) = J e ip ' x F (p) d 3 p and the relations 

Je ip - x p 2 F(p)d 3 p = -V 2 J(x) 

JT e v-*V|F (p) d 3 p = -x 2 f(x) (34) 

Je^pl p F(p)d 3 p = (- r £-3)f(x) 
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one obtains a configuration space representation of Eq. (jHH|) . namely 

E ^*eU* m + *»±4±l) ( 35) 

2m \x\ I bm 3 r 6 

The first two terms are the usual Coulomb Hamiltonian and the third is the 
order £ 2 correction arising from the non-commutative structure. 



'L M \H\ nLM) ~ <WW I E n 8 n ,, n + £ 2 ( -— V* - --± ^^ 



(36) 
where r = \ x \. 



,f = +l, 

For the e = +1 case one uses the same representation with the replace- 



ments x v — > ix v ,p u — > —ip u , 6 3 —>■ ifi, to obtain 

sinh jx 

JL 2 cothV- £2 -2coth//^| 



~p\ = isinh 2 ^ 



I x 
Then 



|2 _ fc 
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^ = 2^ Sinh "-Jl 1 C ° th /i -^- 2c ° th/i ^/ (38) 



and for small \x 
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#~ p 2 

2m 

2m \x\ I bm 3 r d 

the conclusion being that for the e = +1 case the order £ 2 correction differs 
from the e = — 1 case by a sign change. 
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5 Conclusions 

1) A non-commutative space-time structure and two constants of Nature l 
and e emerge as natural consequences of deformation-theory and stability of 
the fundamental physical theories. Among other effects, this structure im- 
plies a modification of phase-space volume which, in particular, has a bearing 
on the calculation of the GZK sphere. Lorentz invariance is preserved. 

2) Phase-space suppression effects occur only in the e = +1 case. In this 
case the time coordinate has a discrete spectrum and space coordinates are 
continuous. 

3) In addition to changing the cross sections of elementary processes, 
phase-space counting rules have statistical mechanics consequences which 
might have had a relevant effect at the first stages of the Universe evolution. 

4) Phase-space volume modifications, time and space coordinates spec- 
tra and modifications of the uncertainty relations are consequences of the 
non-commutative space-time structure which depend only on its algebraic 
structure. In this sense they are very robust and provide unambiguous tests 
of the theory. Other consequences might depend on the particular geometric 
construction that is built on top of the algebraic structure. For example, for 
a particular geometrical construction [3] the existence of additional compo- 
nents on gauge fields is an intriguing consequence. 

Appendix A 

For specific calculations it is convenient to use a representation of the 
space-time algebra [e = — 1 case) in the space of functions on the upper 
sheet of the cone C 4 , with coordinates 

£i = R sin #3 sin 9 2 sin 9\ 

£2 = R sin 9 3 sin 9 2 cos 6\ 

£ 3 = R sin 6 3 cos 6 2 (40) 

£4 = R cos 6*3 

£5 = R 

the invariant measure for which the functions are square-integrable being 

du(R, 9 t ) = R 2 sin 2 fl 3 sin 9 2 dRd9 x d9 2 d9 3 (41) 
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On these functions the operators of 3^ )00 act as follows 

£p° = R 

3 = R cos 6*3 

= R sin 3 cos 6 2 

= R sin #3 sin 2 cos 0i 

= R sin #3 sin 2 sin #1 



M 23 



f 30i 



M 12 = -i (cos0ijj-sin0 1 cot0 2 ^ 
M 31 = i [sin 0ij^ + cos X cot 9 2 ^ 
T = -i{-sme 3 ^- 3 +Rco89 3 ^ 
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1 



cos 2 J^ - sin 6» 2 cot 3 J^ 

COS 0x Sin 2 g| + COS 0x COS 2 COt 3 J- - S|| cot 03^) 

sin 0! sin 2 J^ + sin 6 X cos 2 cot 03 J; + ffj cot 3 J^ 

M°i = ^(f^|^-COS02COS0 3 4- J RcOS02Sin03^) 

(cos 0i cos 02 9 sin 0i 9 , _„_ n • n „„„ /) d i 
= a aS ^~5 — : o~ aS r COS t7i Sill t/o COS (73 35- + 
sm 03 O02 sm 02 sm 03 O0i 1 z o gg 3 
i? cos 0i sin 2 sin 3 ^ 

( sin 0i cos 2 d , cos0i d , • n ■ n n d , 
: — 5 ~an r ~ — a '■ — 2T~ ~an T Sill (71 Sill t/o COS (73 "57 T 
sm 03 c*02 sin 02 sm S <30i 1 z o qq.^ 
R sin 0! sin 2 sin 3 ^ 

(42) 
For the e = +1 case, one may work out a similar representation on the 
C 3,1 cone with coordinates 

Ci = -R cosh /3 cos -00 

(2 = R cosh /? sin ^ 

C 3 = .Rsinh/Jsin^! (43) 

(4 = R sinh /3 cos -01 

C 5 = R 

Alternatively we may use the above representation multiplying x M by i, p^ 
by — i and replacing 3 by ifi. It is easily seen from (JTJ that the correct 
commutation relations, for the £ — +1 case, are obtained. 
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